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MULTINETS IN P2
J. BARTZ AND S. YUZVINSKY
Abstract. Multinets are certain configurations of lines and points with mul-
tiplicities in the complex projective plane P2. They are used in the studies
of resonance and characteristic varieties of complex hyperplane arrangement
complements and cohomology of Milnor fibers. From combinatorics viewpoint
they can be considered as generalizations of Latin squares. Very few exam-
ples of multinets with non-trivial multiplicities are known. In this paper, we
present new examples of multinets. These are obtained by using an analogue
of nets in P3 and intersecting them by planes.
1. Introduction
Multinets are certain configurations of lines and points with multiplicities in
the complex projective plane P2. More exactly they are multi-arrangements of
projective lines partitioned in three blocks with some extra properties (see section
2). They appeared in [3, 6] in the study of resonance and characteristic varieties
of the complement of a complex hyperplane arrangement. More recently, multinets
have been used to study the cohomology of Milnor fibers such as in [2]. Although
multinets can be defined purely combinatorially using an incidence relation, very
few examples of multinets with non-trivial multiplicities are known. In the paper,
we recall some definitions, describe a new method to obtain multinets and give
quite a few new examples. For that we consider an analogue of nets in P3 and
intersect them by planes.
The paper is organized as follows. In section 2, we recall basic definitions and
properties of multinets. In section 3, we give the general idea of constructing
multinets. Section 4 contains the main part of the paper. We systematically go
over different cases of constructed multinets. The main parameters being numbers
of lines and points of various multiplicities. All cases are classified except multinets
with all lines having multiplicity 1 and points having multiplicities 1 and 2. For
that case we have only examples and a uniform upper bound on the number of
points of multiplicity 2. In section 5, we discuss briefly the combinatorics inside
blocks. The conclusion is that this combinatorics is defined by multinet structure,
i.e., the combinatorics between blocks. Finally some open questions and conjectures
are collected in section 6.
2. Preliminaries
2.1. Pencils of curves and multinets in P2. There are several equivalent ways
to define multinets in P2. We introduce them here using pencils of plane curves. A
pencil of plane curves is a line in the projective space of homogeneous polynomials
from C[x1, x2, x3] of some fixed degree d. Any two distinct curves of the same degree
generate a pencil, and conversely a pencil is determined by any two of its curves
1Updated: October 24, 2013
Key words and phrases. nets, mutinets, hyperplane arrangements.
1
2 J. BARTZ AND S. YUZVINSKY
C1, C2. An arbitrary curve C in the pencil (called a fiber) is C = aC1 + bC2, [a :
b] ∈ P1. Every two fibers in a pencil intersect in the same set of points X = C1∩C2,
called the base of the pencil. If fibers do not have a common component called a
(fixed component), then the base is a finite set of points.
A curve of the form
∏q
i=1 α
mi
i , where αi are distinct linear forms and mi ∈ Z>0
for 1 ≤ i ≤ q, is called completely reducible. Such a curve is called reduced if mi = 1
for each i. We are interested in connected pencils of plane curves without fixed
components and at least three completely reducible fibers. By connectivity here we
mean the nonexistence of a reduced fiber whose components intersect only at X .
For brevity we say that such a pencil is of Ceva type.
Definition 2.1. The union of all completely reducible fibers (with a fixed partition
into fibers, also called blocks) of a Ceva pencil of degree d is called a (k, d)-multinet
where k is the number of the blocks. The base X of the pencil is determined by the
multinet structure and called the base of the multinet.
If the intersection of two fibers is transversal, i.e., |X | = d2 and hence all fibers
are reduced then the multinet is called a net. If |X | < d2, i.e., some elements of
X are provided with multiplicities m(P ) > 1 but all completely reducible fibers are
reduced then we call the multinet proper and light. Otherwise we call it heavy.
From the viewpoint of projective geometry, a (k, d)-multinet is a multi-
arrangement A of lines in P2 provided with multiplicities m(ℓ) ∈ Z>0 (ℓ ∈ A)
and partitioned into k blocks A1, . . . ,Ak (k ≥ 3) subject to the following two
condition.
(i) Let X be the set of the intersections of lines from different blocks. For each
P ∈ X , the number
m(P ) =
∑
ℓ∈Ai,P∈ℓ
m(ℓ)
is independent on i. This number is called the multiplicity of P .
(ii) For every two lines ℓ and ℓ′ from the same block there exists a sequence of
lines from that block ℓ = ℓ0, ℓ1, . . . , ℓr = ℓ
′ such that ℓi−1 ∩ ℓi 6∈ X for 1 ≤ i ≤ r.
Thus, multinets can be defined purely combinatorially using an incidence rela-
tion. Note that the multiplicity m(ℓ) for each ℓ ∈ A equals the multiplicity of its
corresponding linear factor in the completely reducible fibers of the Ceva pencil.
2.2. Properties of multinets and examples that have been known. There
are several important properties of multinets.
Proposition 2.1. Let A be a (k, d)-multinet. Then:
(1)
∑
ℓ∈Ai
m(ℓ) = d, independent of i;
(2)
∑
ℓ∈Am(ℓ) = dk;
(3)
∑
P∈X m(P )
2 = d2 (Be´zout’s theorem);
(4)
∑
P∈X∩ℓm(P ) = d for every ℓ ∈ A;
(5) There are no multinets with k ≥ 5;
(6) All multinets with k = 4 are nets.
The first four numerical equalities are easy and proved in [3]. The last two
properties are harder to establish and are proved in [11, 14]. We now recall several
examples of proper multinets that have been known since [3].
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Example 2.1. A (k, 1)-net consists of k lines intersecting all at one point with each
block consisting of one point. This case corresponds to a so-called local resonance
component. It is considered to be trivial and we will often tacitly assume that d > 1.
Example 2.2. For each n ≥ 1, a (3, 2n)-multinet is given by the pencil generated
by polynomials xn(yn−zn) and yn(xn−zn) with the third completely reducible fiber
being zn(xn − yn). These are the projectivizations of the reflection arrangements
for the full monomial groups G(n, 1, 3) (see [7]). For n = 1, it gives the only
(up to projective isomorphism) (3, 2)-net of Coxeter type A3; for n = 2, it is the
(3, 4)-multinet of Coxeter type B3. These multinets are heavy when n > 1.
Example 2.3. The cubics xyz and x3+y3+z3 generate a Ceva pencil with 4 com-
pletely reducible fibers. They give the (4, 3)-net known as the Hasse configuration.
It is the only known multinet with 4 blocks. A long-standing conjecture is that the
Hasse configuration is the unique 4-net.
2.3. Constructions of nets. From combinatorial viewpoint, (k, d)-nets are real-
izations of k − 2 pairwise orthogonal Latin squares of size d (after identifying all
blocks). If k = 3, the Latin square gives a multiplication table of a quasi-group.
Thus one can view such a net as a representation of a Latin square or a quasi-group.
(See [12].)
If this quasi-group is a group, the representation can be reconstructed using the
complex torus (C∗)2. The list of groups that represent a net have been recently
completed by Korchmaros, Nagy and Pace in [4, 5] confirming a conjecture by
Yuzvinsky in [13]. They also discovered new ways to construct the respective nets.
Examples of nets representing quasi-groups which are not groups were constructed
first by Stipins in [10].
3. Construction of Multinets
3.1. Multinets in higher dimensions. It is possible to generalize the notion of
multinet to Pr (r > 2) using pencils of homogeneous polynomials of r+1 variables
instead of 3. It is known that no multinet exists for r ≥ 5 and every multinet in P3
or P4 would be a net with 3 blocks (see [8]).
The only known nets in Pr for r > 2 are the (3, 2n)-nets (n = 1, 2, . . .) in P3
given for every n by the defining polynomial
Qn = [(x
n
0 − x
n
1 )(x
n
2 − x
n
3 )][(x
n
0 − x
n
2 )(x
n
1 − x
n
3 )][x
n
0 − x
n
3 )(x
n
1 − x
n
2 )]
where the brackets determine the blocks.
This is the collection of all (projectivizations of) reflection hyperplanes of the
finite complex reflection group known as the monomial group G(n, n, 4) (see [7]).
For n = 2 it is the Coxeter group of type D4.
Each block of Qn is partitioned in two half-blocks of degree n each. Notice that all
the planes of a half-block intersect at one line, called the base of the half-block. For
instance the base of the leftmost half-block is given by the system x0 = 0, x1 = 0.
3.2. Construction of multinets. Unlike for nets, there have been no known sys-
tematic ways to construct proper multinets. Here we suggest a way that has pro-
duced a variety of new examples.
Intersect Qn with a plane H that does not belong to Qn. The resulting multi-
arrangement in H is denoted by AH and referred to as the arrangement induced by
Qn. The pencil in P
3 corresponding to Qn induces a pencil in P
2 with 3 completely
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reducible fibers. It may happen that the pencil has a fixed component In this
case we cancel the fixed components obtaining a smaller arrangement AH0 with a
multinet structure. Abusing the notation slightly we will call AH (if there is no
fixed component) or AH0 , provided with the partitions into fibers of the induced
pencil, the induced multinet.
In the rest of the paper, the following agreement is applied. We use a homo-
geneous coordinate system [x0 : x1 : x2 : x3] in P
3. If needed we can change the
coordinates using symmetries of Qn. In particular, in examples below we can always
assume that the plane H does not contain the point [1 : 0 : 0 : 0] (by permuting
coordinates if needed). Then intersecting with H amounts to substituting x0 by
a linear combination of other coordinates from the equation of H . We also can
change the coordinates multiplying them by any nth root of unity. We will also
normalize an equation for H or homogeneous coordinates of a point dividing it by
a non-zero number.
4. Examples of multinets induced by Qn
4.1. General position. If H does not contain any elements of the intersection
lattice of Qn then A
H is a (3, 2n)-net realizing the dihedral group of order 2n.
Moreover, AH contains the (3, n)-net realizing the cyclic group Zn as a subarrange-
ment. For instance for n = 3, AH realizes the dihedral group of order 6 and contains
the net realizing Z3 as a subarrangement.
4.2. Heavy induced multinets (lines of multiplicity n). If H contains a line
ℓ from the lattice of Qn then one of the following three situations happens. If ℓ
is the base of a half-block then it becomes of multiplicity n in AH . If ℓ is the
intersection of two planes from different half-blocks of a block then AH gets a line
of multiplicity 2. Finally if these two planes come from different blocks AH gets a
fixed component and cancellation is required.
If H does not contain a line from the lattice of Qn then A
H is light.
If H contains the base of precisely one half-block then AH is a proper heavy
multinet with only one line of multiplicity n. For instance, if H is given by x0 = cx1
(c 6= 0 or is not a root of unity of degree n) then the blocks of AH are determined
by the polynomials:
xn1 (x
n
2 − x
n
3 ), (c
nxn1 − x
n
2 )(x
n
2 − x
n
3 ), (c
nxn1 − x
n
3 )(x
n
1 − x
n
2 ).
If H contains the bases of 2 half-blocks then these half-blocks are from different
blocks (since the bases of the half-blocks from the same block do not intersect in
P3) and H contains also the base of a half-block from the third block. Such H is a
coordinate plane, for example, x0 = 0. Then every block ofA
H contains exactly one
line of multiplicity n and the underlying arrangement is the reflection arrangements
for the full monomial groups G(n, 1, 3) (see above). For instance, if H is given by
x0 = 0 then A
H has blocks:
xn1 (x
n
2 − x
n
3 ), x
n
2 (x
n
1 − x
n
3 ), x
n
3 (x
n
1 − x
n
2 ).
4.3. Heavy induced multinets (lines of multiplicity 2). AH has a line of
multiplicity 2 if and only if H contains the line of intersection of precisely two
planes of Qn from different half-blocks of the same block. If H is generic with
that condition then there are no fixed components and AH has precisely one line of
multiplicity 2. Also H could contain several such lines from different blocks which
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produces up to three lines of multiplicity 2 if n is even, and up to two such lines if
n is odd. For instance, if H is given by a(x0 − x1) − (x2 − x3) = 0 with a not 0
or a root of unity of degree n then AH has the factor (x2 − x3)
2 in one block and
all other factors have multiplicity 1. If a = 1 and n is odd, AH also contains the
factor (x1−x3)
2 in another block. If a = 1 and n is even, AH contains additionally
the factor (x1 + x2)
2 in the third block. The multiplicities of all other factors are
equal to 1 in each of these situations. A similar effect is produced by a equal to a
root of unity of degree n.
Finally it is easy to see that AH cannot have both: a line of multiplicity n
and a line of multiplicity 2. Indeed by subsection 4.2 the former forces H to have
equation of the form Axi − Bxj = 0 for some distinct i and j. If now H contains
the intersection of two planes from a block of Qn then this block must coincide
with the block containing xni − x
n
j . Furthermore H must coincide with a plane of
this block (given by xi − ζxj = 0 where ζ is a root of unity) which is forbidden.
4.4. Light induced multinets (points of multiplicity n). In the rest of this
section, by a ‘point’ and ‘line’ we mean respectively a point or a line of P3 from
the intersection lattice of Qn. If besides any of those lies in H then they have
multiplicity coming from multinet AH or AH0 .
Recall that a multinet is light if it is proper (i.e., not a net) and all of its lines
have multiplicity 1. In order to produce a light multinet with a point of multiplicity
n the plane H must contain the point of intersection of two bases of half-blocks
(they must be from different blocks).
We can make this more concrete. Every one of six bases of half-bloks can be
given by the equations xi = xj = 0 where {i, j} ⊂ {1, . . . , 6}. Also two non-disjoint
bases intersect at one of the points having one coordinate 1 while others 0. Thus the
induced multinet is light with precisely one point of multiplicity n (and others of
multiplicity 1) if and only if H contains precisely one of these points and is generic
otherwise. For instance, if H is given by Ax0 + Bx1 + Cx2 = 0 with otherwise
generic coefficients, then the induced multinet is light with the only one multiple
point [0 : 0 : 0 : 1] of multiplicity n (in AH).
Light AH can have more than one point of multiplicity n. For instance, H given
by Ax0 + Bx1 = 0 has both [0 : 0 : 0 : 1] and [0 : 0 : 1 : 0]. It cannot though have
three such points. Indeed if AB = 0 then AH is heavy (see subsection 4.2).
4.5. Light induced multinets (points of multiplicity 2). When we discuss
points of multiplicity 2 of AH we always assume that n > 3 in order not to confuse
them with points of multiplicity n and (for the presence of fixed components) n−1.
Since a point P of multiplicity 2 has exactly 2 lines from each block intersecting
at it the plane H must contain the point of intersection of six planes, two from each
block of Qn. Moreover planes in every one of these pairs must be from different
half-blocks since otherwise H would contain the base of a block and the induced
multinet would be heavy. Conversely if H contains the intersection of such planes
then AH has a point of multiplicity 2. If H is generic otherwise then AH is light
and contains precisely one point of multiplicity 2.
For instance, ifH is given by Ax0+Bx1+Cx2+Dx3 = 0 with A+B+C+D = 0
(whence passing through P = [1 : 1 : 1 : 1]) and generic otherwise then P has
multiplicity 2 in AH while other lines and points have multiplicity 1.
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Let us notice that for a point P ′ of intersection of only four planes, 2 from one
block and 2 from another, there are 2 planes from the third block passing through
P ′.
For the future use we can characterize more explicitly points of those intersec-
tions. Let 4 planes be given by
x0 − ζ
ax1 = 0, x2 − ζ
bx3 = 0, x0 − ζ
cx2, x1 − ζ
dx3
where ζ is primitive root of 1 and its exponents are arbitrary from a cyclic group Cn
(in additive notation). Then for the intersection to exist the equality a+ d = b+ c
is needed and then the intersection is
[ζa+d : ζd : ζb : 1]
.
Conversely, let P ′ ∈ H where P ′ = [ζa : ζb : ζc : 1] with ζ, a, b, c are as above.
Clearly P ′ lies in the four planes:
x0 − ζ
ax3 = 0, x1 − ζ
bx3 = 0, x1 − ζ
b−cx2, x0 − ζ
a−cx2
that proves the converse.
In particular this proves the following Lemma.
Lemma 4.1. Any point P of P3 has multiplicity 2 in AH for every allowable plane
H passing through it if and only if it has homogeneous coordinates that are roots of
unity of degree n.
4.6. Light induced multinets (several points of multiplicity 2). A plane H
can have several points described in the previous subsection whence AH can have
several points of multiplicity 2. A partial classification of induced light multinets
with double points for n ≤ 6 is given in [1].
First we consider light induced multinets without points of multiplicity n. The
current maximal number of points of multiplicity 2 known for examples of light
multinets is 8.
Example 4.1. Take n = 8 and fix a primitive 8th root of unity ζ. Let H be given
by
x0 − (ζ + 1)x1 − ζ
3x2 + (ζ
3 + ζ)x3 = 0.
Then AH is light, has no fixed components and has 8 points of multiplicity 2
(with all other points having multiplicity 1). These 8 points are as follows:
[1 : 1 : 1 : 1] [ξ5 : ξ2 : ξ3 : 1]
[ξ2 : ξ : 1 : 1] [ξ5 : ξ3 : ξ5 : 1]
[ξ2 : ξ2 : ξ6 : 1] [ξ7 : 1 : ξ : 1]
[ξ4 : ξ3 : ξ6 : 1] [ξ7 : ξ : ξ3 : 1].
Each of these points lies on H and on exactly six hyperplanes of Q8 (one from each
half-block). For instance, [ξ2 : ξ : 1 : 1] lies on the six hyperplanes
x0 − ξx1 x0 − ξ
2x2 x0 − ξ
2x3
x2 − x3 x1 − ξx3 x1 − ξx2.
MULTINETS IN P2 7
On the other hand, the following surprising result holds.
Theorem 4.1. Let n > 3 and AH a light induced multinet without points of mul-
tiplicity n. Then the number of points of multiplicity 2 in it is less than 296 (inde-
pendently of n).
Proof. We fix H and without any loss assume that it is given by Ax0+Bx1+Cx2−
x3 = 0. If A
H has a point of multiplicity 2 then by Lemma 4.1
(1) Aζa +Bζb + Cζc = 1
for some primitive n-th root of unity ζ and a, b, c ∈ Cn.
Now we prove that relation (1) of roots of unity is non-degenerate meaning that
no proper partial sum of the lefthand side is 0. If for instance A = 0 then H
contains the point [1 : 0 : 0 : 0] that has multiplicity n in AH which contradicts a
condition of the theorem.
Moreover suppose Aζa + Bζb = 0, i.e., [A : B] = [ζb : −ζa] and C = ζ−c. Then
the equation for H becomes
Dζbx0 −Dζ
ax1 + ζ
−cx2 − x3 = Dζ
b(x0 − ζ
a−bx1) + ζ
−c(x2 − ζ
cx3) = 0.
This form of the equation shows that H contains the line of intersection of 2 planes
(from one block): x0 − ζ
b−ax1 = 0 and x2 − ζ
cx3 = 0. The intersection of these
planes with H gives in AH a line of multiplicity 2 whence AH is heavy.
We finish the proof applying the result from [9] (for k = 3) which says that
the number of non-degenerate solutions in roots of unity of a given equation∑k
i=1 Aixi = 1 with complex coefficients is bounded from above by 2
4(k+1)!.

4.7. Fixed components. First we rephrase the existence of fixed components in
terms of multiplicity of points.
Lemma 4.2. Assume that AH does not have lines of multiplicity greater than 1.
Then AH has both a point of multiplicity n and a point of multiplicity 2 if and only
if AH has a fixed component. Besides if AH has points of multiplicity 2 it cannot
have more than one point of multiplicity n.
Proof. Using the conditions on H we can assume without any loss that (i) [0 : 0 :
0 : 1] ∈ H and (ii) there is a point [ζa : ζb : 1 : ζc] in H where ζ is a primitive root
of unity of degree n while a, b, c ∈ Cn (see Lemma 4.1).
Thus H can be given by an equation of the form
Ax0 +Bx1 +Dx2 = 0
with D = −Aζa −Bζb. Plugging it into the equation we can write the latter as
(2) A(x0 − ζ
ax2) = −B(x1 − ζ
bx2).
In the equation A,B 6= 0. Indeed if only one of them is 0 then H coincides with
a plane of Qn which is forbidden. If both vanish then H is given by x2 = 0 which
gives a line in AH of multiplicity n. This implies that two blocks of AH have
x1 − ζ
ax3 as a common component whence all three of them do.
In order to prove the converse suppose AH has a fixed component. This is
equivalent to H containing the line of intersection of two planes from different
block. Thus without any loss we can assume that H is given by an equation of the
type (2) which implies the statement.
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If AH had two points of multiplicity n then without any loss we could assume
that B = 0 above which is a contradiction as in the first part of the proof.

Remark 4.1. The proof of the Lemma 4.2 really gives a fixed components passing
through the given points of multiplicity n and 2. Conversely, every fixed component
has a unique point of multiplicity n and n points of multiplicity 2. For instance,
if coordinates are chosen as in the proof of the Lemma 4.2 one obtains n points
of multiplicity 2 keeping the coordinates x0, x1, x2 satisfying 2 and taking x3 = ζ
d
(d ∈ Cn).
Now we assume that AH has a fixed component whence H has both, a point
of multiplicity n and a point of multiplicity 2. The general form of an equation of
such H is (up to permuting coordinates)
A(x0 − ζ
ax1) +B(x0 − ζ
bx2) = 0
with AB(A + B) 6= 0, ζ is a primitive root of unity and a, b ∈ Cn. Notice that
P0 = [0 : 0 : 0 : 1] ∈ H . After substitution
Aζax1+Bζ
bx2
A+B for x0 and canceling
x1 − ζ
b−ax2 we have a multinet A
H
0 such that P0 acquires multiplicity n− 1.
This point may be the unique point of multiplicity n− 1. For instance, this the
case of H given by 3x0 − 2x1 − x2 = 0.
Choosing H more carefully we can have it containing besides the intersection of
another pair of planes from the same two blocks. For instance, if H is given by
x0 = (ζ + 1)x1 − ζx2 then it produces the common factors x1 − x2 and x1 − ζx2
which results in a light (3, 2n− 2)-multinet upon cancellation. The point P0 again
becomes the only point of multiplicity n− 2 of AH0 .
According to Lemma 2, every H such that AH has a fixed component must have
not only a point of multiplicity n but also some points of multiplicity 2 that all lies
on fixed components. Thus AH0 does not have any points of multiplicity 2.
Remark 4.2. At the beginning of Lemma 4.2 we assume that AH does not any
multiple points. Using the technique of this subsection it is almost immediate to
prove that a heavy induced multinet cannot have fixed components.
4.8. The number of mixed components. The question that was not addressed
so far is how many mixed components the induced arrangement AH might have.
We have seen above that it may be 2. Now we resolve the question.
Theorem 4.2. No induced arrangements AH can have more than 2 mixed compo-
nents.
Proof. Suppose AH has a mixed component. By results of the previous subsection
H can be given by
(x0 − x1) +A(x1 − x2) = 0
after normalizing and changing the coordinates if needed. Then any other mixed
component would force the lefthand side of this equation to be equal to
(x0 − ζ
ax1) +A(ζ
bx1 − x2)
for a primitive root of unity ζ and some a, b ∈ Cn. The complex numbers ζ
a, ζb
and A are related by the following formula:
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(3) A =
1− ζa
1− ζb
where a, b 6= 0.
Thus in order to prove the theorem it suffices to prove that the relation (3) can
have at most one solution for fixed A with a, b ∈ Cn \ {0}. Notice also that a 6= b
since if a = b then A = 1 whence H coincides with a plane from Qn which is
forbidden.
In fact we prove a stronger statement as the following.
Proposition 4.1. Let A ∈ C. The equation
(4) A =
1− ξ
1− η
has at most one solution (ξ, η) ∈ C2 with the properties: ξ 6= η, |ξ| = |η| = 1, and
ξ, η 6= 1.
Proof. Suppose that there are two solutions of (4): (ξ, η) and (ξ1, η1) and their
respective complex arguments are α, β, α1, β1 ∈ (0, 2π). It is clear that for any
number z = eiγ we have
1− z = 2 sin
(γ
2
)
ei(
γ−pi
2
).
Hence equation (4) implies
(5) α− β = α1 − β1
(6) sin
(α
2
)
sin
(
β1
2
)
= sin
(α1
2
)
sin
(
β
2
)
(7) cos
(α
2
)
cos
(
β1
2
)
= cos
(α1
2
)
cos
(
β
2
)
where equation (5) is the equality of the arguments, equation (6) comes from the
equality of the moduli, and equation (7) follows from (5,6). Also, (5, 6, 7) imply the
following equations for cotangents
(8) cot
(α
2
)
cot
(
β1
2
)
= cot
(α1
2
)
cot
(
β
2
)
(9) cot
(α
2
)
− cot
(
β
2
)
= cot
(α1
2
)
− cot
(
β1
2
)
.
If cot
(
β
2
)
= 0, i.e., β2 =
π
2 , then (8) implies either cot
(
α
2
)
= 0 whence ξ = η or
cot
(
β1
2
)
= 0 whence η = η1. The first situation is not possible by the hypotheses
of the proposition. The second and (4) show (ξ1, η1) = (ξ, η).
If cot
(
β
2
)
6= 0, resolve equation (8) for cot
(
α1
2
)
and plug it into equation (9).
Since α2 ,
β
2 ∈ (0, π) and α 6= β, we can cancel the factor cot
(
α
2
)
− cot
(
β
2
)
to
obtain cot
(
β1
2
)
= cot
(
β
2
)
whence β12 =
β
2 . The equality (ξ1, η1) = (ξ, η) again
follows. 
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The statement of the theorem is a particular case of the proposition. 
Remark 4.3. When the first version of the paper appeared on arXiv we received
a comment from Joe Buhler with a more elegant proof (of the previous theorem)
whose main idea he attributed to Richard Stong. With their permission, we exhibit
this proof below.
When z ranges over the pointed unit circle without 1 in the complex plane the
set of 1− z is the pointed unit circle C centered at 1 without 0. The proposition is
about the multiplicative relation of the form
ab = cd
where a, b, c, d ∈ C, and (say) a is distinct from both c and d. By taking inverses,
this is equivalent to the same relation in the set D = C(−1) of inverses of elements
of C, which is the set of complex numbers of real part 12 . But if
(1/2 + ir)(1/2 + is) = (1/2 + it)(1/2 + iu)
with r, s, t, u real then equating real and imaginary parts one deduces that the sums
and products of sets {r, s} and {t, u} are equal. Thus these sets coinside.
4.9. Summary of properties of induced multinets from Qn. The multinets
induced from Qn possess the following properties (we suppose n > 3).
1. The multiplicity of lines takes only values 1, 2, and n. There can be 1 or 3
lines of multiplicity n. There can be one line of multiplicity 2. Also, there can be
three such lines (if n is even) or two (if n is odd).
2. The multiplicity of points takes values from the list {1, 2, n− 2, n− 1, n}.
3. A light multinet can have up to two points of multiplicity n or at most one
point of multiplicity n− 1 or at most one point of multiplicity n− 2. These three
cases are disjoint and each does not allow any other point with multiplicity larger
than 1.
4. A light multinet can have several points of multiplicity 2 if it does not have
points of multiplicity n. The number of these points is bounded independently of
n by 296.
5. Combinatorics inside blocks
In this section we discuss the possibilities for combinatorics of lines and points
inside a block of an induced multinet.
First suppose that AH is light, does not have a fixed component and H is given
by the equation Ax0 + Bx1 + Cx2 + Dx3 = 0. Because of the condition on A
H
the plane H does not contain any base line. On the other hand, it has one point of
intersection with every base line. For instance, for the half-block xn0 − x
n
1 the point
is [0 : 0 : −D : C]. Thus in AH every half-block consists of lines intersecting all at
one point (i.e., forming a pencil of dimension 1). For generic H the base point of
the pencil is not in X whence these points for different half-blocks are distinct. If
however H is passing through the intersection of two base lines then that point is
in X . For instance if H is given by Ax0 +Bx1 + Cx2 = 0 then the point [0 : 0 : 1]
in it is the base point of the pencils in 3 half-blocks from 3 different blocks.
MULTINETS IN P2 11
If AH has fixed components then the same claim holds for AH0 except the amount
of lines in each of 3 half-blocks involved in the fixed components decreases either
to n− 1 or n− 2.
Now suppose that AH is heavy. If it has lines of multiplicity n (one or three) then
the respective half-block contains precisely one of these lines instead of a pencil. If
AH has lines of multiplicity 2 then one of the lines in the respective block connect
the base vertices of two half-blocks (i.e., the intersections of the half-block bases
with H). Recall that AH cannot have lines of both multiplicities: n and 2 (see 4.3).
Summing up the discussion in this section we conclude that the multiplicities of
lines of an induced multinet determine the combinatorics inside blocks.
6. Conjectures and open problems
For multinets there are more open questions than answers. Here are some of the
former.
Problem 1. To make the upper bound in Theorem 4.1 smaller. (We conjecture
that it can be significantly decreased.)
Problem 2. All induced multinets can be obtained from nets by deformation
(moving the plane H). Prove the conjecture from [8] that all multinets have this
property.
Problem 3. Are there nets in P3 other than Qn?
Problem 4. There are nets which are not induced by Qn. Such as, for example,
every (3, 2k + 1)-net for k = 1, 2, . . . . The light multinet in Figure 2 of [3] is also
not induced from Qn (a proof should include that it is not induced from Q6 after
a cancellation).
Are there heavy multinets not induced from Qn?
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